In the Statistical Process Control (SPC) field, an Exponentially Weighted Moving Average for Stationary processes (EWMAST) chart with proper control limits has been proposed to monitor the process mean of a stationary autocorrelated process. There are two issues of note when using the EWMAST charts. These are the smoothing parameter selections for the process mean shifts, and the determination of the control limits to meet the required average run length (ARL). In this paper, a guideline for selecting the smoothing parameter is discussed. These results can be used to select the optimal smoothing parameter in the EWMAST chart. Also, a numerical procedure using an integration approach is presented for the ARL computation with the specified control limits. The proposed approach is easy to implement and provides a good approximation to the average run length of EWMAST charts.
INTRODUCTION
The majority of traditional control charts are based on an assumption that processed data is statistically independent; however, this assumption does not hold in certain production environments. It is well known that using traditional charts for monitoring autocorrelated processes usually results in an unnecessarily high occurrence of false positives. A common approach to handling autocorrelated data is to apply traditional control charts on the stream of residuals after the process data have been fitted to a time-series model. Several residual control charts have been proposed in recent years. Such as: Alwan and Roberts (1998) proposed a special cause chart (SCC) which uses a time-series model to obtain and monitor the residuals. Montgomery and Mastrangelo (1991) provided a procedure of plotting one-stepahead EWMA prediction errors on a control chart (M-M chart). English et al (1991) and Wincek (1990) suggested Kalman filtering to obtain the residuals. The Proportional-Integral-Derivative (PID) chart by Jiang et al (2002) and the Dynamic 2 T chart by Tsung and Apley (2002) have been proposed for monitoring of processes with a feedback controller.
There are some problems in the above control charts. Zhang (1998) proposed an EWMAST control chart to monitor the original autocorrelated data. The EWMAST chart is very similar to the traditional EWMA chart, except that it is designed to be applied to the monitoring of stationary, autocorrelated data. Both the EWMA and EWMAST charts are used for charting the same statistic, but the EWMAST chart is used in conjunction with modified control limits to account for the additional variation within an autocorrelated process. The major advantages in using an EWMAST chart are: there is no requirement for an operator to use time-series techniques; and this method has a comparable ability to the residual-based charts for detecting large mean shifts. Specifically, when we set the smoothing parameter,  =1, when using an EWMAST chart, then it is equivalent to the traditional Shewhart chart. Therefore, the EWMAST chart can be more flexible than the Shewhart chart as its smoothing parameter can be set according to the magnitude of the mean shift in the stationary autocorrelated process. According to the simulation results in Zhang (1998) , the EWMAST chart is more sensitive than residual-based charts for positive autocorrelated data. For negative autocorrelated data, the performance of the EWMAST chart is still superior, but is not as significant as the positively correlated cases.
Regarding the selection of an optimal smoothing parameter for the EWMAST chart, Zhang's (2000) suggestion was to set the smoothing parameter  equal 0.2 for most applications, and provided the ARLs for many autocorrelated processes. In general, the simulation technique is rather costly, especially in the case of on-target analysis. Therefore, it is not a suitable approach when investigating the ARL performance in practical applications. In order to set the parameters of EWMAST charts more easily, a computing algorithm is presented and tabulated parameters, which yield the shortest outof-control ARL for EWMAST charts, are provided in this article.
DESCRIPTION OF THE EWMAST CHART
To illustrate the autocorrelated process, we consider the important case of monitoring the process mean 0  of a stationary AR(1) process and defined as: . The parameter L serves as a width adjustment for control limits to meet the required in-control ARL. Zhang (1998) indicates that the control statistic t Z has variance:
is the autocorrelation function of
at time lag k , and
can simplify to k  for the AR(1) processes. The limiting value of the variance of t Z in equation (3) as t increases to infinity is given in (4):
Hence, the control limits are taken to be:
DESIGN OF THE EWMAST CHART
Constructing an EWMAST chart requires the specification of  and the constant L. In general, the choice of parameters (  , L) is based on a compromise for certain statistic or economic constraints. It is well known that small values of  are better for detecting small shifts in the mean and large values of  are better for detecting large shifts. Although the suggestion for designing the EWMAST smoothing parameter (
) by Zhang (1998) is given in practical terms, there remain multiple issues that have not been clearly specified. The
can only be viewed as a heuristic suggestion when the magnitude of the shift is unknown. Another concern is that Zhang's suggestion does not consider the in-control ARL.
To select optimal parameters  and L for an EWMAST chart, an extensive simulation, with 10,000 runs per parameter setting, was implemented. Thus, the standard deviation of the ARL estimation error is less than 1% of the actual ARL. For each simulation run, the } { t e are generated as an independent sequence of random numbers, based upon the standard normal distribution utilized in the IMSL ® software (1989) . The value of } { t X is generated from equation (1). The charting statistic is calculated via equation (2), with 0 Z initialized at 0 and terminated when t Z exceeds the control limits. Table I show the particular values of  and L on the EWMAST chart for certain  (   0.25,0.5,0.75 and 0.9) to provide the required in-control ARLs ( 0 ARL =100, 370, 500 and 1000). Table I shows that, as we expected, when  =0.25 and 0 ARL =100 the optimal  value is 0.3 for detecting a 1.5-X  shift; and  =0.8 is optimal for detecting a 2.5-X  shift, but in the case of  =0.25 and 0 ARL =500 the optimal  value is 0.2 for detecting a 1.5-X  shift and  =0.5 for a 2.5-X  shift. This phenomenon is the same as which occurs in EWMA charts that have been studied by Lucas and Saccucci (1990) . Another test, with specified 0 ARL =370 and a three-X  shift determined that the optimal value of  is 0.7 for  =0.25, but the optimal value of  is 1.0 for  =0.75. Therefore, the optimal  of an EWMAST chart may be affected by the different values of  , the magnitude of the mean shift ( X  ) and the incontrol average run length ( 0 ARL ).
The optimal  values should be dependent on the magnitude of the mean shift, the autoregressive parameter, and the in-control average run length. This is helpful for the operator to set an appropriate value of  when an EWMAST chart is chosen to monitor a stationary process. The following steps are recommended as guidelines for designing an optimal EWMAST chart.
Step 1. First, specify the desired in-control 0 ARL , the autocorrelation coefficient  , and decide upon the smallest process mean shift, in terms of X  , that must be rapidly detected..
Step 2. Next, select the optimal parameters ) , ( L  from Table I. Step 3. Finally, evaluate the entire ARL performance for this EWMAST chart to determine whether the chart provides suitable protection against other shifts.
THE NUMERICAL PROCEDURE FOR FINDING THE ARL OF THE EWMAST CHART
In this section, a numerical procedure is presented for the investigation of the ARL of EWMAST charts. Knowledge of the run length is important and permits us to illustrate the performance of a chart in terms of average run length. In general, since the run length of a chart is a nonnegative, random, integer variable, chart performance can be evaluated by averaging:
In the iid case, a traditional Shewhart chart can be easily calculated. The
are evaluated directly and summed to obtain the ARL. However, in charting procedures that use recursive charting statistics, such as EWMA charts and CUSUM charts, equation (6) is not easily evaluated. In this situation, equation (6) can be rewritten as:
Let the random variable N be the time of the first passage of the process   t Z exceeding the control limits given by equation (5). The probability of an in-control process at time k , given the initial
), is written as:
, and k r is the shrink ratio of k P relative to 1  k P . By using equation (8) to establish a recursive formulation for the probability of a ruined problem, the average run lengths can be found by directly summing the k P terms. These computations demonstrate the behavior of run length distributions over various AR(1) parameters.
To investigate the behavior of k P and k r , our analysis shows that there is a linear relationship between k P and k r with increasing k . The following steps constitute the ARL computation method for an EWMAST chart applied to the AR(1) process.
Step 1. Given  and L values, and letting k be the time index, set k =1 as the beginning of the process;
Step 2. Calculate the Zhang's (1998) studies ;
Step 3. Use Alan's (1998) algorithm to find the probability of
Step 4. Find the shrink ratio of
Step 5. Collect Zhang (2000) estimated these ARLs at   0, 0.5, 1, 2 and 3.0 in units of X  on simulations utilizing at least 4,000 realizations from the AR(1) processes with  =  0.25,  0.5,  0.75 and  0.9. In contrast to the proposed methodology, we do the same parameter combinations in Zhang's studies. The results are listed in Table II for  >0 and in Table III for  <0.
COMPUTATIONAL RESULTS
As indicated in Table II  , the larger the  , the more simulation runs are required.
As indicated in Table III , it is clear that when the process is negatively autocorrelated, the ARLs are also in agreement with Zhang's results. Table III also shows an interesting phenomenon: when  becomes increasingly negative and large, the EWMAST chart becomes more sensitive. This property is completely opposite to a positive autocorrelated process. As for the r.d. index, we can also observe that the results of a simulation with few realizations results in an unstable estimate of ARL, especially in the case of an in-control situation with highly correlated data.
CONCLUSIONS
In this research, the performance of an EWMAST chart has been investigated for various parameter settings when the AR(1) process is utilized. These results demonstrate guidelines for parameter (  , L) selection when the in-control ARL and the autogressive parameter are specified. A numerically analytical expression was also used to evaluate the ARLs of the EWMAST chart, in the important special case of an autocorrelated process. Importantly, this method enables the assessment of the run-length distribution of an EWMAST chart using underlying data from an AR(1) process. For an application of the results, the ARL algorithm can be extended to calculate run-length distribution and ARLs for other stationary-process data with determined parameters. Although these results are relatively narrow in scope when compared to the results in Lucas and Saccucci (1990) , they are still helpful to the operator for setting parameters when using an EWMAST chart. As for the other requirements of in-control ARLs and the different  values listed in Table I, a larger table covering a wider range of ARL values is available from the authors on request.
